The Extended Weighted Residuals Method (EWRM) is applied to investigate the effects of viscous dissipation on the thermal development of forced convection in a porous-saturated duct of rectangular cross-section with isothermal boundary condition. The Brinkman flow model is employed for determination of the velocity field. The temperature in the flow field was computed by utilizing the Green's function solution based on the EWRM. Following the computation of the temperature field, expressions are presented for the local Nusselt number and the bulk temperature as a function of the dimensionless longitudinal coordinate. In addition to the aspect ratio, the other parameters included in this computation are the Darcy number, viscosity ratio, and the Brinkman number.
Introduction
Flow through porous media is important in numerous engineering applications including geothermal energy, petroleum reservoirs, nuclear reactors, drying, and fuel cells. Almost all of the natural porous media are associated with such small porosity that the Darcy flow model is applicable. However, for man-made porous media with higher porosity, the Brinkman model predicts hydraulics through such hyperporous media, as noted by Nield and Bejan [1] .
Because of the use of the so-called hyperporous media in the cooling of electronic equipment, there has recently been renewed interest in the problem of forced convection in a porous medium channel.
However, the literature on the effects of viscous dissipation on thermal development is limited to work pertaining to parallel plate channel [2] [3] [4] [5] or circular tube [6] [7] [8] [9] . In some of these articles the velocity distribution is slug type while in others the boundary and shear effects are included via a Brinkman term to form a Brinkman-Brinkman problem. The term 'Brinkman-Brinkman', proposed by Nield [10] , refers to a problem involving a saturated porous medium in which the momentum transfer is modeled by a
Brinkman equation (Brinkman [11] ), and the thermal energy equation includes a viscous dissipation term involving a Brinkman number (Brinkman [12] ). The problem becomes more complicated when one seeks analytical solutions for a thermally developing Brinkman-Brinkman problem through ducts of arbitrary cross-section. For two-dimensional ducts, the complexity of the problems become clearer when one observes that even fully developed solutions, with or without the effects of viscous dissipation, are limited to the work reported in [13] [14] [15] [16] . The studies of the thermally developing forced convection heat transfer in elliptical ducts in [17] and for ducts with rectangular cross-sections [18] are without inclusion of the viscous dissipation effects. In a subsequent study, Haji-Sheikh et al. [19] have considered the effects of viscous dissipation on heat transfer in the entrance region of ducts of arbitrary cross-section with a special attention to the isosceles triangular case.
Earlier work on the effects of viscous dissipation in ducts, clear of solid material, is surveyed by Shah and London [20] and for in porous media surveyed by Magyari et al. [22] . This paper treats the more general case of thermally developing forced convection in rectangular ducts wherein the viscous dissipation is significant. The EWRM in an extended form, as discussed in [19] , is the selected computational methodology. This study treats the case of a duct of rectangular cross-section with walls held at a constant and uniform temperature, i.e. the T boundary condition in the terminology of Shah and London [20] , which is appropriate when the thermal conductivity of the enclosing walls is sufficiently high. Here, the Green's function solution in [18] is modified mainly to account for the viscous dissipation effects on the thermal development. For the case of the Darcy flow model, the hydrodynamically developed velocity profile is that of slug flow, and the problem is mathematically similar to a pure conduction [21] , but this paper considers the more complicated flow appropriate to the Brinkman flow model.
ANALYSIS

Fluid flow analysis
For a passage with a constant but arbitrarily shaped cross-section, based on the ligament dimension, 
and Da=K/a 2 is the Darcy number. Moreover, e µ is the effective viscosity, µ is the fluid viscosity, K is the permeability, and a is an arbitrarily chosen length scale in Fig. 1(a) . Although the exact series solution to Eq. (2), subject to the boundary condition 0 = u at the walls is known (see [14] and [16] ), for convenience of subsequent computations, the solution is obtained using the variational calculus. Therefore, by definition, the mean velocity is
and the normalized velocity is
It is worth noting that A in Eq. (3a) is the cross-sectional area of the duct. The details related to the hydrodynamic aspects of the problem and the exact series solutions are in [14, 16, 18] .
Heat transfer analysis
In this solution, the inlet temperature 1 T is uniform and remains constant and the wall temperature is remaining at the same temperature 1
, the wall temperature changes to a constant and locally uniform temperature 2 T , see Fig. 1(b) . Throughout this calculation, the local thermal equilibrium assumption remains valid. Under steady-state condition and when the thermophysical properties are independent of temperature, the thermal energy equation for the fully developed and incompressible flow through the porous passages is
where
Equation (4a) is valid if the Péclet number is sufficiently large so that the effects of axial conduction could be neglected.
To obtain the Green's function, it is preferred to solve Eq. (4a) in the absence of the frictional heating term. Once the Green's function is known, the Green's function solution would include the contributions of the frictional heating and non-uniform wall temperature. Now, in the absence of the source term, consider a temperature solution of the following form
and the substitution of
The variational calculus requires the minimization of the functional [19] 
when ) , (
and
, are known as the basis functions. When the walls of a rectangular duct are located at a y ± = and b z ± = , as shown in Fig. 1(a) , the following basis functions are selected
using all combinations of
As required by this solution method, each of these basis functions vanishes at the wall.
The minimization of functional ) , , , (
This leads to the relation
that has the following matrix form,
and wherein the matrices A and B have the members
The matrices A and B are symmetric and the coefficients ( 
for each eigenvalue ( m λ ). The Green's function solution in a region whose boundary designated as Γ and it includes the contribution of frictional heating, as presented in [2, 21] , is
wherein the Green's function G stands for . (17) The application of energy balance to a differential element located at location x, leads toward the computation of the Nusselt number. Using the dimensionless coordinates defined earlier and after setting 
Moreover, the angle brackets in Eq. (18a) denote an average taken over the duct cross-section as
Similarly, by definition, the bulk temperature is
In the formulation of Eq. (19a), the viscous dissipation model proposed by Al-Hadhrami et al. [23] is being used. For details on the alternative viscous dissipation models one may consult [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
Solution procedure
As stated earlier, the velocity distribution is computed using the variational calculus as presented in [19] . Once the velocity field is known, the dimensionless thermal energy equation
is to be solved subject to the boundary conditions as depicted in Fig. 1 , the dimensionless wall temperature suffers a change and assumes a zero value; that is,
For convenience of mathematical formulations, Eq. (20) and its boundary conditions are decomposed into two different partial differential equations. Accordingly, one can set 
subject to conditions 
and the Nusselt number is being defined as 
For this case the Nusselt number is defined as
In this formulation, the dimensionless temperature is decomposed into these two contributions and this is done for some physical reason as well as the mathematical ones. (30) whose integration would yield the total heat flux within any x increment.
As an illustration, for b/a=4, MDa=0.01, and ο x being sufficiently large, 
Results and Discussion
The investigation of the frictional heating in the absence of a wall temperature change can be interesting, by its own. MDa in such a way that for MDa=10 -4 even Br=1 is large enough to be almost indistinguishable from that of Br=-1 while when MDa=1, the absolute value of this limiting value is higher than Br=10.
Comparing these figures for different aspect ratios, it is found that, for a fixed MDa value, the streamwise location of the point where the jump occurs is nearly independent of the cross-section geometry. This can be also verified by comparing these data, for example, with those in [2, Fig. 7 ] and in [9, Fig. 5 ]. It is also interesting to note that the Br=-10 with MDa=1 leads to a jump at 015 . 0 ≅ x which is close to approximate values of 0.015 and 0.03 reported in [9] and [2] , respectively. This fact drives home the point that the jump location is almost independent of the duct cross-section. Another point worthy of noting is that increasing MDa and the aspect ratio as well as decreasing Br will increase the thermal entry length. 
Conclusion
The Extended Weighted Residuals Method (EWRM) is applied to investigate a thermally developing Brinkman-Brinkman forced convection problem through a duct of rectangular cross-section occupied by a fluid-saturated porous medium. This problem is decomposed into two different ones with different physical interpretation. For one of these two problems, as well as the combined one, it is found that MDa=0.1 is a threshold value. For the combined problem, it is observed that increasing MDa and b/a, as well as decreasing Br will increase the thermal development length. Moreover, the fully developed Nusselt number with non-zero Br is found to be higher than the case when there is no dissipation, regardless of the sign or value of Br. For the fully developed Nusselt number, which is independent of Br, it is observed that as b/a decreases the difference between the Nusselt numbers for the clear fluid and that of the slug flow also decreases. Besides, it was concluded that the jump in Nu D plots for the case of negative Br happens at some longitudinal locations, which is nearly independent of the duct geometry but dependent on the MDa value. 
